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ABSTRACT
To address the anisotropic navigation costs caused by environmental disturbances in ocean navigation, this

study introduces Finsler geometry and conformal vector ϐield theory to maintain the course of ocean vessels on
great circle routes. Based on Finsler geometry, an effective metric for ship navigation is constructed, and a general‑
ized great circle geodesic incorporating environmental losses is built. A globally smooth course ϐield is constructed
using a conformal vector ϐield to solve for continuously differentiable desired course commands. A hierarchical
course‑maintaining control architecture is established, creating an integrated theoretical systemencompassingnav‑
igation space modeling, course command generation, and closed‑loop course control. Experimental results show
that under weak disturbance conditions, the proposed method can output continuous and smooth course com‑
mands, completely eliminating course jumps and track oscillations. Under moderate disturbance conditions, the
average steady‑state error of the ship’s course is reduced to 0.35° and the average amplitude of rudder angle ϐluc‑
tuation is reduced to 1.68°, representing reductions of 68.75% and 60.09%, respectively, compared to the control
group. Under strong disturbance and long‑duration operation conditions, the average daily energy consumption
of the ship is reduced to 21.4 t of standard fuel per day, achieving an energy saving effect of 22.18%. In summary,
thismethod can accurately adapt to the anisotropic characteristics of ocean navigation, effectively improve heading
tracking accuracy, reduce rudder wear and navigation energy consumption, and demonstrate excellent robustness
and engineering practicality.
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1. Introduction

Ocean‑going transoceanic voyages generally rely
on great circle routes to optimize voyage distances, and
the technology for maintaining a great circle course is a
core component of autonomous navigation control sys‑
tems for ocean‑going vessels. The great circle arc be‑
tween two points on the Earth’s surface is the shortest
path in a spherical coordinate system and has served
as the fundamental basis for ocean route design since
the dawn of the maritime era. However, the persistent
presence of spatio‑temporally varying disturbances in
the ocean—such as ocean currents, winds, and waves—
results in signiϐicant differences in navigational resis‑
tance and energy loss when a vessel sails in different di‑
rections, exhibiting anisotropic characteristics in terms
of navigational cost. This anisotropy manifests as in‑
creased resistance and reduced speed when a vessel
sails against the current, and the opposite when sailing
with the current. When sailing across the waves, roll
motion intensiϐies, increasing steering difϐiculty and en‑
ergy consumption. Classical great circle route theory is
based on the framework of spherical Riemannian geom‑
etry, which describes the navigation space using a sym‑
metric metric and treats the arc length as the sole op‑
timization objective; as a result, it struggles to charac‑
terize direction‑dependent navigation losses caused by
environmental disturbances. At the same time, conven‑
tional course determination methods often employ dis‑
crete interpolation of great circle route points, resulting
in abrupt changes in the course angle between adjacent
segments. Such discontinuous course commands hinder
smooth course tracking and can easily excite the vessel’s
natural bow‑sway oscillation mode, leading to frequent
rudder actuation and increased energy consumption.

In recent years, numerous scholars have conducted
extensive research on ship route planning and naviga‑
tion control. Higaki et al. proposed a data‑driven
ship route planning model and established a multi‑
objective optimization framework that integrates nav‑
igation safety, efϐiciency, and regulatory compliance.

However, this model relies on a large number of his‑
torical navigation samples and lacks theoretical model‑
ing methods tailored to the geometric characteristics of
the navigation space, making it difϐicult to generalize
to unfamiliar waters where historical data is scarce [1].
Kit et al. proposed a hybrid quantum annealing algo‑
rithm for Arctic shipping scenarios, transforming the
multi‑criteria constrained route optimization problem
into a high‑dimensional unconstrained quadratic bi‑
nary optimization form for solution. This approach
can effectively handle complex, high‑dimensional route
optimization objectives; however, this optimization
framework does not account for the anisotropic char‑
acteristics of the navigation space’s metric, and the
quantum annealing algorithm still faces limitations in
terms of hardware availability and computational efϐi‑
ciency in actual ship deployment [2]. Liu et al. pro‑
posed a congestion‑suppression containment control
method for high‑density route networks, which allevi‑
ates network‑wide congestion by applying containment
control inputs at key route nodes. While this control
approach offers insights for waterborne trafϐic manage‑
ment, the study focused on aviation route networks,
whose route structures and navigation constraints dif‑
fer fundamentally from those of ship navigation along
great circles, making direct adaptation difϐicult [3]. Xie
et al. proposed a hierarchical multi‑port route planning
and near‑surface navigation control scheme, establish‑
ing a two‑layer framework that coordinates upper‑level
global route planning with lower‑level local trajectory
tracking to adapt to marine environments with multiple
disturbances. However, the route solution still relies on
traditional Euclidean and spherical geometric assump‑
tions, making it impossible to establish an environment‑
adaptive navigation metric model that reϐlects the direc‑
tional dependence of navigation costs on disturbance
factors such as ocean currents and waves [4]. A synthe‑
sis of existing research ϐindings reveals that, in the cur‑
rent ϐield of ship route and heading control, differential
geometry theory is rarely integrated into the process of
generating great circle routes and headings, and there
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is a lack of an integrated theoretical framework capable
of uniformly characterizing anisotropic navigation costs
and outputting continuous, smooth heading commands.

This paper introduces Finsler geometry to estab‑
lish a metric for efϐicient ship navigation, characterizing
the directional dependence of navigation costs in a ma‑
rine environment. Based on a conformal vector ϐield,
a globally smooth heading ϐield is constructed to gen‑
erate continuously differentiable desired heading com‑
mands. Building upon this, a hierarchical heading‑hold
control architecture is established, forming a complete
theoretical framework that spans from navigation space
modeling and heading command generation to closed‑
loop heading control. This study addresses the course‑
keeping problem for great circle routes with predeϐined
start and end points, focusing on verifying the theoreti‑
cal potential of the Finsler metric and conformal vector
ϐields in enhancing course smoothness and reducing rud‑
der wear and navigation energy consumption.

2. DesignofGreat CircleRoutes for
Marine Ships Based on Finsler
GeometryandConformalVector
Field Theory

2.1. Calculation of Effective NavigationMet‑
rics for Ships Using Finsler Geometry

Spherical Riemannian geometry uses a ϐixed
quadratic metric to describe a ship’s voyage dis‑
tance [5–7]; its metric tensor depends only on spatial
position and is independent of the direction of travel,
and therefore cannot capture the anisotropy of voyage
costs caused by the marine environment. As a more
general form of metric than the Riemannian metric,
the Finsler metric is characterized by a metric function
that depends not only on position but also on the direc‑
tion vector, making it naturally suited for characterizing
direction‑dependent navigation losses [8, 9]. Finsler ge‑
ometry can simultaneously handle the geometric prop‑
erties of spatial position and direction‑dependent phys‑
ical properties (such as ocean current resistance and
wave energy dissipation) within the samemathematical
framework, thereby establishing a spatial metric model

that closely aligns with real‑world ocean navigation con‑
ditions [10, 11]. In the speciϐic context of ship navigation,
the directional dependence of the Finsler metric can be
intuitively understood as follows: when a ship sails in
different directions from the same geographic location,
there are signiϐicant differences in actual navigational
resistance and energy consumption due to the varying
relative relationship between the ocean current’s direc‑
tion and the ship’s course; the Finsler metric is precisely
capable of capturing these directional differences.

On the Earth’s curvedmanifoldM onwhich the ship
navigates, take the local coordinates(λ, φ),λ is longitude,
φ is latitude, tangent vector u represents the ship’s nav‑
igation direction. Deϐine the Finsler navigation metric
function F (x, u) satisϐies positive homogeneity and con‑
vexity conditions:

F (x, ku) = |k|F (x, u) (1)

gij(x, u) =
1

2

F 2(x, u)

uiuj
(2)

where: k is the scaling factor of the navigation direction
vector, ui and uj are the i and j th coordinate compo‑
nents of the tangent vector u, gij(x, u) is the Finsler met‑
ric tensor, which depends on the position x and tangent
vector u, characterize the difference in navigation costs
caused by ocean currents andwaves under different nav‑
igation directions [12].

Based on the metric tensor, the inϐinitesimal ele‑
ment of the ship’s navigation arc length can be deϐined:

s = F (x, ku) +
√
gij(x, u)uiuj (3)

The essence of a great circle route is the shortest
geodesic between two points in the metric space. The
Finsler arc length constructed by Equation (3) incorpo‑
rates navigation energy consumption and environmen‑
tal disturbance costs into the shortest path evaluation
criteria, resulting in an environmentally adaptive gener‑
alized great circle geodesic [13]. This metric model forms
the basis for subsequent heading ϐield construction, and
all derivations of heading vector ϐields are built upon this
Finsler manifold framework [14].

To solve the two‑point boundary value problem for
the generalized great circle geodesic under the Finsler
metric, this study employed a numerical solution strat‑
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egy combining variable discretization with gradient de‑
scent iteration. The Earth’s spherical latitude‑longitude
grid was discretized using uniform step sizes, with both
the longitude and latitude step sizes set to 0.1°. At
each grid point, the Finsler metric tensor was con‑
structed based on local ocean current velocity, direc‑
tion, and wave spectrum information. The geodesic
equation is discretized into a system of nonlinear alge‑
braic equations via the Euler–Lagrange equations, and
forward numerical integration is then performed using
the target‑seeking method in conjunction with a fourth‑
order Runge–Kutta integrator [15, 16]. The initial heading
angle is treated as a variable to be optimized and is iter‑
atively adjusted using a golden section search algorithm,
ensuring that the latitude and longitude coordinates at
the endof the integration converge to thepredetermined
target point. The convergence criteria for the entire iter‑
ative process are set such that the error in the ϐinal po‑
sition is less than 1 × 10−5 rad, and the relative change
in the geodetic arc length between two consecutive iter‑
ations is less than 1 × 10−6. In terms of spherical coor‑
dinate handling, all tangent vectors are projected onto
a local tangent plane. Spherical trigonometric formulas
areused to convert between latitude and longitude incre‑
ments and the components of the tangent vectors. Addi‑
tionally, a residual latitude transformation is applied in
regions near the poles to avoid coordinate singularities.

This section completes the reϐined modeling of the
navigation space, providing a deϐinition space for the

construction of conformal vector ϐields, naturally tran‑
sitioning to the research on heading expectation com‑
mand generation.

2.2. Generating the ExpectedNavigationDi‑
rection Command of Ocean Ships on
Great Circle Routes Based on Confor‑
mal Vector Field Theory

Based on the established Finsler navigation met‑
ric space, a conformal vector ϐield is introduced to solve
for continuous heading instructions along generalized
great circle geodetic lines [17]. The basic process of tradi‑
tional discrete heading instruction generation involves
selecting several discrete waypoints along a great circle
route, calculating the initial great circle heading angle be‑
tween adjacentwaypoints segment by segment, and hav‑
ing the vessel track each segment in sequence [18]. With
this method, step changes in the heading angle between
adjacent segments are inevitable. Mathematically, this
is because the piecewise constant function of the head‑
ing angle with respect to route parameters lacks conti‑
nuity, let alone differentiability. When these discontinu‑
ous desired heading commands are fed into the heading
controller, they trigger transient responses in the con‑
trol system, resulting in large jumps in the rudder angle
command and overshoot oscillations in the vessel’s ac‑
tual heading. Figure 1 shows the distribution of the con‑
formal heading vector ϐield for a great circle route on the
Finsler manifold.

Figure 1. Schematic diagram of the distribution of the conformal heading vector ϐield for a great circle route on the Finsler
manifold.
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Suppose thevector ϐieldV (x) is deϐinedon theman‑
ifoldM , if there exists a scalar conformal factorσ(x) > 0,
satisfying the conformal transformation relation:

LV · gij(x, u) = 2σ(x) · gij(x, u) (4)

Where: LV is the Lie derivative, called V (x), a con‑
formal vector ϐield under the Finsler metric gij(x, u).

The core property of the conformal vector ϐield is to
maintain the angle between any two curves on themani‑
fold [19], whichmeets thenavigation requirements of con‑
tinuous and smooth changes in ship heading. Taking the
tangent vector of the generalized great circle geodesic as
the heading reference vector, the conformal vector ϐield
is normalized:

eh =
V (x)√

LV · gij(x, u)
(5)

Where: eh is the unit heading vector.
The desired heading angle ψd of the ship is further

solved from the heading vector:

ψd = arctan
(
eλh
eφh

)
(6)

Where: eλh and eφh are the heading vectors for longi‑
tude and latitude, respectively.

The speciϐic calculation process for the conformal
vector ϐield proceeds in the following order. Along the
generalized great circle geodesic obtained from the so‑
lution, the geodesic tangent vector is extracted at each
discrete node and used as the reference heading vec‑
tor at that location [20]. Using this reference vector as
the initial value, the Li derivative equation is discretized
within a local neighborhood; a ϐinite difference scheme
is employed to approximate the Li derivative operator.
Through iterative solution, the numerical distribution of
the scalar conformal factor σ(x) is determined such that
the angle between the vector ϐield after the conformal
transformation and the reference vector remains con‑
stant along the geodesic. Normalize the resulting confor‑
mal vector ϐield V (x) to obtain the unit heading vector
ϐield eh. Convert the tangent vector component of the
unit heading vector to the desired heading angle ψd in
the latitude and longitude directions.

The ψd solved based on the conformal vector ϐield
is a continuous and smooth function deϐined on the en‑
tire route, and there is no sudden change in heading.

The desired heading command obtained fromEquations
(4)–(6) takes the Finsler metric tensor gij(x, u) as input,
and themetric model and the heading generationmodel
realize parameter interconnection. After the smooth
heading command is output, a corresponding heading‑
maintaining control architecture needs to be designed
to combine the desired heading with the ship dynamics
model, forming a complete heading closed‑loop control
architecture.

2.3. Setting up a Great Circle Course Head‑
ing Control Architecture for Marine
Vessels

Based on the continuously expected output head‑
ing ψd, a hierarchical great‑circle route heading‑
maintenance control architecture is established. The
architecture is divided into an upper‑level heading com‑
mand generation layer and a lower‑level vessel head‑
ing tracking control layer. The design logic behind this
hierarchical architecture is that the upper layer is re‑
sponsible for planning the direction in which the vessel
should travel—a process involving geometric and opti‑
mization problems—while the lower layer is responsi‑
ble for ensuring the vessel actually travels in the spec‑
iϐied direction—a process involving dynamics and con‑
trol problems. The interface between the two layers is
the desired heading angle [21]; the smooth heading com‑
mand output by the upper layer serves directly as the
tracking target for the lower‑layer controller, thereby
achieving the separation and integration of geometric
optimality and control feasibility. The heading tracking
error is deϐined as the controller input variable:

eψ = ψd − ψ (7)

Where: ψ is the real‑time measured heading of the
vessel.

The upper‑level module reuses the Finsler metric
and conformal vector ϐield model updates ψd in real‑
time, to copewith thedynamic adjustment of theoptimal
great‑circle course brought about by changes in ocean
currents and sea breezes [22]; the underlying heading
controller outputs the rudder angle command δ based
on the heading error eψ . The lower‑level controller uses
an incremental PID control law, where the rudder angle
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command is formed by a linear combination of the pro‑
portional, integral, and derivative terms of the heading
error [23]. The speciϐic expression is as follows:

δ = Kpeψ +Ki

∫ t

0

eψ(τ)dτ +Kdėψ (8)

Where: ėψ is the rate of change of the heading error.
The controller parameters were initially determined us‑
ing the Ziegler–Nichols tuning method and then ϐine‑
tuned based on the ship’s three‑degree‑of‑freedom mo‑
tion model to establish a proportional gain ofKp = 2.8,
an integral gain of Ki = 0.15, and a derivative gain of
Kd = 1.2. Due to physical constraints on the rudder
actuator, the rudder angle saturation is limited to ±35°,
and the upper limit of the rudder angle rate of change is
set to ±5°/s.

The control architecture realizes one‑way informa‑
tion transmission and closed‑loop feedback: the geospa‑
tial metric parameters are input into the conformal vec‑
tor ϐield to solve for the desired heading. The desired
heading and the measured heading form an error signal
to drive the rudder control output [24]. The rudder angle
changes the ship’s heading, thereby changing the ship’s
position and tangent vector [25] on the Finsler manifold,
and dynamically updating the navigation metric. The in‑
put quantitiesψd fromEquations (7) and (8) are directly
derived from Equation (6), forming a complete theoreti‑
cal link from navigation space modeling → smooth head‑

ing generation → heading closed‑loop control. This hier‑
archical architecture avoids control oscillations caused
by sudden changes in heading commands and gives full
play to the advantage of the continuous differentiabil‑
ity of conformal heading commands. This completes
the design of the entire heading‑maintaining theoretical
scheme.

3. Experiment

3.1. Experimental Object

This simulation experiment selects a 45,000 DWT
ocean‑going bulk carrier as the experimental object, as
shown in Figure 2. This type of vessel is widely used
in deep‑sea transportation and frequently operates on
great circle routes. Due to its high inertia and steer‑
ing response lag,maintaining course under the inϐluence
of wind, waves, and currents is particularly challenging,
making it well‑suited for validating the performance of
course‑keeping algorithms for great circle routes. Fur‑
thermore, this ship type is one of the mainstay vessels
in the international deep‑sea shipping ϐleet. Its common
challenges in course‑keeping—such as high inertia, slow
response, and sensitivity to disturbances—are represen‑
tative of the industry. Therefore, the conclusions regard‑
ing algorithm performance evaluation derived from this
ship type hold signiϐicant general applicability.

Figure 2. 45,000 DWT ocean‑going bulk carrier.
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The experiment employs a three‑degree‑of‑
freedom model of a ship’s motion in the horizontal
plane, taking into account the ship’s bow‑sway dynam‑
ics and incorporating constraints on rudder actuator
saturation and rate of change of rudder angle, thereby
closely approximating the physical characteristics of
the actual ship’s rudder actuators. The three‑degree‑
of‑freedom model includes heave, roll, and pitch as its
three degrees of freedom, while high‑frequency mo‑
tion modes such as vertical heave, roll, and trim are
neglected. This is primarily because course‑keeping
control focuses mainly on changes in the heading angle
within the horizontal plane; the coupled effects of roll
and trim on the heading are relatively weak and can be
suppressed by the robustness of the controller, whereas
the three‑degree‑of‑freedom model is sufϐicient to fully
characterize the main dynamic features of the head‑
ing response. The main dimensions and hydrodynamic
parameters of the target ocean‑going bulk carrier are
shown in Table 1.

Develop a ship navigation simulation platform
based on MATLAB Simulink, integrating modules for
solving great circle routes in spherical geometry, cal‑
culating the Finsler metric, solving conformal vector
ϐields, ship dynamics, and heading control. Data ex‑
change between modules follows a uniϐied interface
speciϐication. The Finsler metric calculation module
outputs the metric tensor matrix to the conformal vec‑
tor ϐield solver module, which in turn outputs the de‑
sired heading angle to the controller module. The con‑
trollermodule outputs the rudder angle command to the
ship dynamics module, and the dynamics module feeds
back the ship’s state—including position, heading, and
speed—to the Finsler metric calculation module to en‑
able environment‑dependent metric updates. All mod‑
ules are set to a uniform simulation step size of 1 s. A
ϐixed‑step solver is used to ensure temporal synchroniza‑
tion and prevent temporal mismatches between the de‑
sired heading and the ship’s state caused by computa‑
tional delays in different subsystems.

Table 1. Main dimensions and hydrodynamic parameters of the target ocean‑going bulk carrier.
No. Parameter Name Value

1 Total Length 189.98 m
2 Length Between Perpendiculars 180.00 m
3 Molded Breadth 32.26 m
4 Molded Depth 15.50 m
5 Design Draft 10.50 m
6 Full Load Displacement 55,080 t
7 Design Speed 14.0 kn
8 YawMoment of Inertia 2.8 × 1010 kg ·m2

9 Added Yaw Moment of Inertia 3.2 × 1010 kg ·m2

10 Rudder Force Coefϐicient 1.2 × 10⁷ N/rad
11 Maximum Rudder Angle Limit ±35°
12 Rudder Angle Rate Limit ±5°/s

3.2. Experimental Preparation

The benchmark path for the great circle route was
determined, and a typical transoceanic route was se‑
lected as the test route. The route starts at longitude
122.3° E and latitude 31.2° N, and ends at longitude
157.5° W and latitude 25.6° N. The route crosses mid‑to‑
low latitude sea areas and passes through regions with
varying ocean current strengths, suitable for verifying
the algorithm’s adaptability to anisotropic navigation en‑
vironments. The route coordinates were pre‑imported
into the simulation platform as boundary conditions for
solving the generalized great circle geodesic.

Four sets of progressive sea condition scenarios
were established: Scenario 1 consists of calm waters
with slight disturbances; Scenario 2 consists of mod‑
erate wind and wave conditions combined with steady
ocean currents; Scenario 3 consists of transitional sea
conditions between moderate and strong disturbances;
and Scenario 4 consists of strong wind and wave condi‑
tions combined with variable ocean currents. These dif‑
ferent scenarios were used to test the algorithm’s adapt‑
ability under varying levels of disturbance. The spe‑
ciϐic core parameters for the three sets of scenarios are
shown in Table 2.
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Table 2. Sea state and operating condition parameter settings for three simulation experiments.
Parameter Name Condition 1 Condition 2 Condition 3 Condition 4

Sea State Level Level 1 Level 4 Level 5 Level 6
Signiϐicant Wave Height (m) 0.1–0.2 1.5–2.5 3.0–4.0 4.0–6.0
Characteristic Period (s) 2–3 6–8 8–10 10–12
Wave Direction (°) — 30 (Steady) 45 (Slowly varying) 60 (Time‑varying)
Ocean Current Type Weak Random

Disturbance Steady Current Predominantly steady ϐlow +
weak time variation

Time‑varying Directional
Current

Current Velocity Range (kn) 0–0.5 1.0–2.0 2.0–3.0 2.5–4.0
Current Direction Feature Irregular Small

Random Fluctuation
180° Steady
Direction

A gradual change from 180°
to 150° 60°–120° Periodic Variation

A standardized experimental dataset was con‑
structed. Time‑series data were collected in real time
during the simulation. The dataset includes 12 types
of observation variables, including latitude and longi‑
tude position, real‑time ship heading, desired heading
command, heading tracking error, rudder angle output,
ocean current velocity and direction, and wave distur‑
bance torque. All data are stored with timestamp align‑
ment, and the output format supports dual backup of
MAT data ϐiles and CSV ϐiles. Each set of operating con‑
ditions was run independently 30 times, with a different
random seed used each time to generate wind and wave
time series, in order to fully capture the randomness of
wave disturbances. The ϐinal dataset contained 90 com‑
plete navigation samples.

The traditional spherical geometry great circle
heading control method was selected as the comparison

scheme. The control group only calculated the target
heading based on static spherical Riemanngeometry dis‑
crete calculation; the experimental group adopted the
heading maintenance scheme of Finsler geometry + con‑
formal vector ϐield proposed in this paper.

3.3. Experimental Result Analysis

Under the condition of still water and weak dis‑
turbance 1, simulation tests were carried out using the
traditional spherical geometry discrete heading com‑
mand (control group) and the continuous heading com‑
mand generated by the Finsler geometry‑conformal vec‑
tor ϐield proposed in this paper (experimental group).
The heading tracking curves of the two schemes were
fully recorded, and the comparison results are shown in
Figure 3.

Figure 3. Ship heading tracking curves of the control group and experimental group.

As shown in Figure 3, the discrete heading com‑
mands obtained by the control group using traditional
spherical geometry exhibit step‑like abrupt changes; in
particular, the desired heading undergoes multiple step
changes in the middle section of the route. As a result,

the vessel’s actual heading frequently overshot and oscil‑
lated, and its track exhibited pronounced back‑and‑forth
meandering and self‑crossing phenomena, with a maxi‑
mum lateral deviation of approximately 8.5 km. The ad‑
ditional distance deviating from the planned great circle
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geodetic line accounted for about 3.2% of the total voy‑
age. This phenomenon stems from the lack of continu‑
ous differentiability in the discrete commands. When‑
ever a step change occurs in the desired heading, the
PID controller generates a large rudder angle command,
which excites the vessel’s natural heave oscillationmode,
making it difϐicult for the vessel to smoothly track the
optimal route and resulting in unnecessary path ϐluctu‑
ations and rudder wear.

The experimental group employed continuous,
smooth heading commands generated by combining
Finsler geometry with conformal vector ϐield theory as
described in this paper. There were no heading jumps
throughout the entire voyage, and the desired head‑
ing curve maintained ϐirst‑order continuity and differ‑
entiability throughout the entire journey. The actual
ship’s heading closely followed the desired value with‑
out overshoot or oscillation; the track was smooth and
continuous, with a maximum lateral deviation of only
approximately 2.4 km—a 71.8% reduction compared to
the control group—and no backtracking or crossing tra‑
jectories. These results validate the theoretical advan‑
tages inboth the timedomain and the frequencydomain.
In the time domain, the continuous heading command

eliminates step disturbances, resulting in smooth rud‑
der actuator motion. In the frequency domain, the fre‑
quency components of the smoothed command are con‑
centrated in the low‑frequency range, preventing cou‑
pled resonance with the vessel’s bow‑sway natural fre‑
quency and thereby effectively suppressing trackoscilla‑
tions. Even under conditions with extremely weak dis‑
turbances, the inherent discontinuities of discrete com‑
mands can still induce unnecessary dynamic responses
in the control system. The method proposed in this pa‑
per addresses this issue at the source of command gen‑
eration, laying a solid foundation of smoothness for sub‑
sequent course‑keeping in environments with strong
disturbances.

Operating Condition 2, characterized by moderate
wind and waves combined with steady ocean currents,
represents a typical moderate‑disturbance navigation
environment. Simulations were conducted using the
course‑keeping strategies of the control group and the
experimental group described in this paper, respectively.
The statistical results based on90 sets of repeated exper‑
imental data are shown inTable 3 (the table lists 15 rep‑
resentative samples from 30 runs; the remaining data
follow the same trend).

Table 3. Comparison of steady‑state heading tracking error and rudder angle ϐluctuation amplitude between the control group
and the experimental group.

Sailing Sample/Group
Control Group Experimental Group

Heading Tracking
Steady State Error (°)

Amplitude of Rudder
Angle Fluctuation (°)

Heading Tracking
Steady State Error (°)

Amplitude of Rudder
Angle Fluctuation (°)

1 1.08 4.12 0.32 1.62
2 1.15 4.28 0.36 1.70
3 1.02 4.05 0.30 1.58
4 1.21 4.35 0.38 1.75
5 1.18 4.30 0.37 1.72
6 1.05 4.08 0.31 1.60
7 1.25 4.42 0.40 1.80
8 1.10 4.18 0.34 1.66
9 1.06 4.10 0.33 1.64
10 1.22 4.38 0.39 1.78
11 1.14 4.25 0.35 1.68
12 1.09 4.15 0.32 1.63
13 1.20 4.32 0.38 1.76
14 1.16 4.22 0.36 1.70
15 1.04 4.06 0.30 1.59

According to Table 3, the steady‑state heading
tracking error distribution range for the control group is
1.02°–1.25°, with amean of 1.12° for the 15 samples; the
rudder angle ϐluctuation amplitude range is 4.05°–4.42°,

with an average of 4.21°. Traditional spherical models
employ symmetric spatial metrics, neglecting the direc‑
tional dependence of navigation costs caused by ocean
currents. This results in inherent static biases in the
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calculated desired heading, and the continuous discrep‑
ancy in heading commands induces frequent rudder ad‑
justments, leading to large steady‑state heading devia‑
tions and signiϐicant rudder angle oscillations.

The steady‑state error distribution range of the
heading tracking in the experimental group of this pa‑
per is only 0.30°–0.40°, with a sample mean of 0.35°,
which is 68.75% lower than the average error of the
control group; the rudder angle ϐluctuation amplitude
is 1.58°–1.80°, with a mean of 1.68°, which is 60.09%
lower than the control group. By utilizing the real‑time
Finsler metric tensor to characterize the navigational
anisotropy caused by ocean currents, the generalized
great circle route reference is continuously reϐined. For
example, during a counter‑current segment—when a
vessel sailing eastward encounters a northward ocean
current component—the Finsler measure automatically
increases the weight of the navigation cost in that direc‑
tion, causing the generalized great circle geodetic line to
shift slightly southward to minimize the impact of the
counter‑current. At the same time, the conformal vec‑
tor ϐield outputs continuous and smoothdesiredheading
commands, eliminating abrupt changes in heading, so

the controller does not need to continuously make large
adjustments to the rudder angle.

A horizontal comparison of the ϐluctuation ranges
of different sample groups reveals that the experi‑
mental group exhibits less dispersion in its data and
stronger stability in repeated experiments. The experi‑
mental phenomena and theoretical innovations corrob‑
orate each other, demonstrating that under moderate
andpersistent oceandisturbances, the integrateddesign
schemepresented in this paper effectively eliminates the
inherent heading biases introduced by traditional spher‑
ical geometric models, smoothly outputs heading com‑
mands, signiϐicantly improves the heading accuracy of
ships on great circle routes, reduces frequent rudder
actions, and helps reduce energy consumption during
ocean voyages.

Case 4, consisting of strong wind and waves and
time‑varying ocean currents, represents a strongly dis‑
turbed navigation scenario. The average energy con‑
sumption index of the entire navigation process for both
the control group and the experimental group in this pa‑
per was statistically analyzed, and the quantitative re‑
sults are shown in Figure 4.

Figure 4. Average energy consumption index of the control group and the experimental group in this paper throughout the
entire voyage.

As shown in Figure 4, during the 60‑day voyage,
the average daily energy consumption of the control
group ranged from 26.8 to 28.6 t of standard oil per
day, with an average energy consumption of 27.5 t of
standard oil per day for the entire voyage. Conventional
methods output intermittent course commands; under
the continuous interference of time‑varying ocean cur‑
rents, the rudder actuators constantly perform large‑

amplitude reciprocating adjustments. The combination
of the additional drag generated by steering and the
vessel’s frequent deviation from the optimal course re‑
sults in consistently high energy consumption. From a
temporal perspective, although the control group’s en‑
ergy consumption declined slightly during the ϐirst 40
days, it ultimately stabilized at a relatively high level
of 26.8 t of standard oil per day, indicating that the in‑
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herent discontinuity of discrete commands could not
be accommodated by the system even during long voy‑
ages, resulting in sustained additional fuel consump‑
tion.

The experimental group’s daily energy consump‑
tion ranged from 20.9 to 22.3 t of standard oil per day,
with an average energy consumption of only 21.4 t of
standard oil per day for the entire voyage—a 22.18%
reduction compared to the control group’s average en‑
ergy consumption. The method described in this pa‑
per utilizes Finsler geometry to characterize the naviga‑
tion anisotropy caused by time‑varying ocean currents
in real time, continuously reϐining the generalized great
circle route reference; the conformal vector ϐield gener‑
ates a continuous and smooth desired heading, avoid‑
ing abrupt steering caused by sudden changes in head‑
ing, effectively reducing additional steering drag, and en‑
suring the vessel navigates stably close to the optimal
route. Energy consumption in the experimental group
also followed a pattern of initial decline followed by sta‑
bilization in the later stages; however, the steady‑state
value was only 20.9 t of standard oil per day. Com‑

pared with the steady‑state value of the control group,
the gap persisted and did not narrow over time, indi‑
cating that the energy‑saving beneϐits of the method de‑
scribed in this paper are stable over the long term. This
durability stems from the intrinsic coupling between the
Finsler metric and the conformal vector ϐield. The for‑
mer provides a spatially adaptive metric to the environ‑
ment, while the latter ensures the global smoothness of
the heading commands; together, they suppress course
deviations and steering losses caused by disturbances,
thereby preventing the energy‑saving effect from dimin‑
ishing over extended voyage durations and demonstrat‑
ing signiϐicant engineering practical value in long‑range
ocean‑going scenarios.

For transitional condition 3, which falls between
moderate and strong disturbances, simulation tests
were conducted using both the control group and the
experimental group protocols described in this paper.
The two sets of protocols were quantitatively evaluated
based on three dimensions—control surface wear, con‑
trol stability, and disturbance resistance—and the com‑
parison results are shown in Table 4.

Table 4. Comparison of the combined beneϐits of Finsler geometry and conformal vector ϐield coupling.
Evaluation Criteria Control Group Experimental Group Degree of Improvement

Cumulative rudder angle (°) 2.31 × 10⁵ 1.00 × 10⁵ 56.7%
Standard deviation of steady‑state course error (°) 0.22 0.036 83.6%
Heading recovery time after a disturbance (s) 43 18 58.1%

As shown in Table 4, the cumulative rudder angle
of the experimental group was 1.00 × 10⁵°, a 56.7% re‑
duction compared to the control group’s 2.31 × 10⁵°, in‑
dicating that continuous, smoothheading commands sig‑
niϐicantly reduced frequent rudder reversals and effec‑
tivelymitigatedmechanicalwear on the control surfaces.
The standard deviation of the steady‑state heading error
decreased from 0.22° in the control group to 0.036°, a re‑
duction of 83.6%. This reϐlects that the smoothness of
the heading command ensured by the conformal vector
ϐield effectively suppressed persistent oscillations in the
control system, signiϐicantly improving the stability of
heading maintenance. In terms of disturbance rejection
capability, the experimental group required only 18 s to
return to steady state after a step disturbance, a 58.1%
reduction compared to the 43 s required by the control

group. This demonstrates that the Finsler metric’s abil‑
ity to capture environmental changes in real time and
dynamically correct the geodesic reference enables the
control system to exhibit faster response and recovery
characteristics when facing sudden disturbances.

4. Conclusion

This paper constructs a complete theoretical sys‑
tem for maintaining the course of a ship’s great circle
course based on Finsler geometry and conformal vec‑
tor ϐields. The results show that introducing a direction‑
dependent metric model can effectively describe the
anisotropy of navigation costs caused by the marine en‑
vironment, revealing the inherent laws between the gen‑
eralized great circle geodesic and the continuous course
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ϐield within the anisotropic navigation space. The study
establishes an integrated framework coupling naviga‑
tion space modeling, smooth course generation, and
closed‑loop course control, providing a new course plan‑
ning approach for autonomous navigation systems of
ocean‑going vessels. This helps achieve smooth tracking
of the optimal course, reduces steering losses and navi‑
gation energy consumption, andprovides theoretical ref‑
erence value for the integrated design of intelligent ship
courses and courses in complex and disturbed sea areas.
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[5] Coșofreț, D., Postolache, F., Popa, A., et al., 2026.
A hybrid digital CO₂ emission‑control technology
formaritime transport: Physics‑informedadaptive
speed optimization on ϐixed routes. Fire. 9(3), 136.
DOI: https://doi.org/10.3390/fire9030136

[6] Manjunath, M., Narasimhamurthy, S.K., Nekouee,
Z., et al., 2025. Finsler geometry insights into
wormhole traversability and physical properties.
Indian Journal of Physics. 99(11), 4459–4473. DOI:
https://doi.org/10.1007/s12648‑025‑03638‑5

[7] Yajima, T., Nagahama, H., 2024. Geometric struc‑
tures of micropolar continuum with elastic and
plastic deformations based on generalized Finsler
space.Mathematics andMechanics of Solids. 29(2),
327–348. DOI: https://doi.org/10.1177/108128
65231188329

[8] Poddar, R., Sharma, R., 2025. On the triviality of
m‑modiϐied conformal vector ϐields. Indagationes
Mathematicae. 36(5), 1481–1490. DOI: https://do
i.org/10.1016/j.indag.2025.05.009

[9] Chen, W.G., Yi, F.G., 2026. Research on coordi‑
nated control of autonomous ship formations in
weak communication environment. Computer Sim‑
ulation. 43(3), 129–132, 149. DOI: https://doi.or
g/10.3969/j.issn.1006‑9348.2026.03.026 (in Chi‑
nese)

[10] Vasconcellos, E.C., Negreiros, AƵ .P.F., de Araújo,
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